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This paper investigates the output-feedback tracking
control problem of stochastic high-order nonlinear
systems perturbed by second-order moment process.
Compared with most of the existing results where on-
ly wiener process is considered, a high-gain homoge-
neous domination approach is used to construct the
output-feedback controller. This controller ensures
that the expectation of tracking error can be adjusted
to be arbitrarily small and all the states of the closed-
loop system are bounded in probability. Finally, a nu-
merical example is given to demonstrate the feasibility
of the control scheme.
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1. Introduction

In recent decades, due to the wide application of s-
tochastic nonlinear systems, stochastic nonlinear systems
have become the focus of attention, e.g., see [1]-[5]. In
order to combine with the reality, people pay more at-
tention on stochastic high-order nonlinear systems. [6]
studies the problem of state-feedback stabilization for s-
tochastic high-order nonlinear systems with stochastic in-
verse dynamics. Then, [7]-[9] discuss the state-feedback
stability for stochastic high-order systems. [10] analyses
the inverse optimal stabilization. [11] constructs a state-
feedback controller and a optimal controller for stochastic
nonlinear systems with time-varying powers.

However, in [6]-[10], the corresponding conclusion
is obtained by considering rigid power order restriction.
Subsequently, to cancel the rigid power order restric-
tion, [12] presents a new stochastic homogeneous dom-
ination method for output-feedback stabilization of s-
tochastic high-order nonlinear systems whose control in-
puts are neither affine nor feedback linearizable. Soon af-
ter, this method is extended to adaptive control [13], state-
feedback control [14], and time-delay control [15] for s-
tochastic high-order nonlinear systems. Under the weaker

. This work is supported by National Natural Science Foundation of Chi-
na under Grant (No. 61973150), the Young Taishan Scholars Program of
Shandong Province of China under Grant (No. tsqn20161043),Shan-
dong Provincial Natural Science Foundation for Distinguished Young
Scholars under Grant (No. ZR2019JQ22), and Shandong Province High-
er Educational Excellent Youth Innovation team (No. 2019KJN017).

conditions, [16] constructs a stabilizing output-feedback
controller. [17] designs a controller via the homogeneous
domination method.

A lot of attention has also been paid to the tracking
control of stochastic high-order nonlinear systems. [18]
investigates the output tracking problem. In [19], by in-
troducing a operator, the output tracking control problem
of stochastic high-order system with stationary Marko-
vian switching is solved. Distributed cooperative con-
trol of multiple stochastic high-order nonlinear system-
s is addressed in [20]. It is worth noting that the state-
feedback output tracking control for stochastic high-order
nonlinear systems [18]-[20] are considered. In fact, states
information is not always available in practical applica-
tions. For the above-mentioned system, probe into the
tracking problem of stochastic system through the output-
feedback control scheme is of great significance. [17]
adopts output-feedback control method to deal with the
output tracking control for stochastic high-order nonlin-
ear systems with unstable linearization. [21] proposes an
adaptive output-feedback tracking control method for s-
tochastic nonlinear systems with unmeasurable state.

It’s important to note that [17] and [21] discuss the
output-feedback tracking problem, which focus on wiener
process. However, some engineering system noises can-
not be described as white noise, thus, those systems ef-
fected by white noise are not suitable for some practical
situations. There are some literatures [22]-[26] on the re-
lated problems about the second-order moment process.
For example, [22] proposes that, in some circuit system-
s, the stationary process (second-order moment process)
is used to describe the interference of electronic compo-
nents, which can be used in engineering applications to
simulate the impact of uneven road on automobile sys-
tems. [23] analyzes the stability of nonlinear benchmark
system in the oscillating surroundings. [24] discusses the
trajectory tracking control problem for Lagrange systems.
[25] investigates the distributed output tracking problem
for nonlinear multi-agent systems. [26] solves the prob-
lem of cooperative control for multiple nonlinear bench-
mark systems. Although the output-feedback tracking
control has been studied using a homogeneous domina-
tion for several classes of stochastic high-order nonlin-
ear systems with unmeasured states, the output-feedback
tracking control problem of stochastic high-order nonlin-
ear system perturbed by second-order moment process
has not been fully discussed.
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By adopting output-feedback control scheme, we solve
the output tracking control problem for stochastic high-
order nonlinear systems perturbed by second-order mo-
ment process. The main contributions of this paper in-
clude two points:

1. This paper is the first result on the output-feedback
tracking problem of stochastic high-order systems under
second-order moment process perturbations.

2. Although the high-gain homogeneous domination
approach is extended to the stochastic environment, it
is important to note that this paper’s system is differen-
t from the stochastic systems perturbed by write noise
[17], stochastic high-order nonlinear system perturbed by
second-order moment process will generate the coupling
terms between the second-order moment process and the
nonlinear functions. Because of the coupling term’s ef-
fect, the original method on stability analysis is no longer
applicable,

The organizational structure of this paper is as follows.
Section 2 is problem formulation. Section 3 focuses on
the controller design and the stability analysis. Section 4
illustrates the feasibility of the control method through a
simulation example. Section 5 is conclusions.

2. Problem formulation

Consider a class of stochastic high-order nonlinear sys-
tems perturbed by second-order moment process

ẋi = xpi
i+1+ fi(x̄i)+gT

i (x̄i)ξ (t), i = 1, · · · ,n−1,

ẋn = upn + fn(x̄n)+gT
n (x̄n)ξ (t),

y = x1− y0(t), . . . . . . . . . . . . (1)

wherex = (x1, · · · ,xn)
T ∈ Rn, u ∈ R, y ∈ R are the sys-

tem state, control input, and output, respectively,y0(t) is
the reference signal.x2, · · · ,xn are unmeasurable states.
x̄i = (x1, · · · ,xi)

T , i = 1, · · · ,n. pi ∈ R≥1
odd = {q ∈ R: q ≥ 1

and q is a ratio of odd integers}, are the power order
of stochastic high-order nonlinear system.ξ (t) ∈ Rm is
a standard second-order moment process defined on the
complete probability space(Ω,F ,Ft ,P) with a filtra-
tion Ft satisfying the usual conditions (i.e.,it is increas-
ing and right continuous whileF0 contains allP-null
sets). Suppose that the functionsfi(x̄i) : Ri → R and
gi(x̄i) : Ri → Rm areC 1, vanishing at the origin.

We need the following assumptions.
Assumption 1. Stochastic processξ (t) is Ft -adapted

and piecewise continuous, there is a positive constantK
such that

sup
t≥t0

E|ξ (t)|2 < K.

Assumption 2. For a stochastic processξ (t), positive
constantsε, ϕ , there existsT > t0 such that for∀t ≥ T

P
{∣
∣
∣

1
t − t0

∫ t

t0
|ξ (s)|2ds−E|ξ (t)|2

∣
∣
∣≥ ϕ

}

≤ ε.

Remark 1. In the literatures [16] and [17], the interfer-
ence of the system is described as white noise. In terms of

physics, white noise is difficult to achieve, it is more rea-
sonable to regard the random perturbation of the system as
the second-order moment process. Obviously, Assump-
tion 1 indicates stationary processξ (t) is a second-order
moment process, which is popular in some practical ap-
plications. For Assumption 2, it is important to note that
system (1) requires special properties of stochastic pro-
cesses.

Assumption 3. Assume that the reference signal
y0(t)∈R is continuously differentiable, there exists a con-
stantM > 0 such that|y0|+ |ẏ0| ≤ M.

Assumption 4. For anym ≥ 0, there exist two positive
constantsb andc such that

| fi(x̄i)| ≤ b(|x1|
(ri+m)/r1 + · · ·+ |xi|

(ri+m)/ri)+ c,

|gi(x̄i)| ≤ b(|x1|
ri/r1 + · · ·+ |xi|

ri/ri)+ c,

wherer1 = 1, ri+1 = ri+m
pi

> 0. Setr0 = max1≤i≤n{ri}

andλi =
r0
ri

, i = 1, · · · ,n. At the same time, one of the
following relationships needs to be met:

1. rn +m ≥ ri, if λi = 1 or λi ≥ 2;
2. rn +m ≥ 2ri, other situations.
In order not to lose generality, let’s assume thatm =

2q
2d+1 with q andd are integers so thatri ∈ R+

odd = {q ∈ R :
q > 0 andq is a ratio of odd integers}. By referring to the
method in [27], select a group ofri with generality.

The requirement for parameterl > 1 is proposed to
achievern +m ≥ ri+m

l andr0 ≥
ri+m

l , i = 1, · · · ,n. Based
on Assumption 4, chooseσ according to the following
conditions: 1.σ = r0, when relationship 1 of Assumption
4 is true.

2. σ is selected as anyσ ∈ R+
odd meetingrn +m ≥

max1≤i≤n{
ri+m

l ,2ri}, when relationship 2 of Assumption
4 is satisfied.

Remark 2. Assumption 4 is crucial to ensure the exis-
tence and uniqueness of the solution.

3. Controller design and stability analysis

3.1. Nominal system analysis

In this subsection, for system (1), the nominal system
is as follows:

ẇi = wpi
i+1, i = 1, · · · ,n−1,

ẇn = vpn ,

y = w1. . . . . . . . . . . . . . . . (2)

A homogeneous observer is designed for the system (2)
based on a similar way in [16],

η̇k = −lk−1ŵ
pk−1
k ,

ŵk = (ηk + lk−1ŵk−1)
rk/rk−1,k = 2, · · · ,n, . . (3)

the output-feedback controller is designed:

v(ŵ) =−αn(ŵ
σ
rn
n +αn−1ŵ

σ
rn−1
n−1 + · · ·

+αn−1αn−2 · · ·α2ŵ
σ
r2
2 +αn−1αn−2 · · ·α1w

σ
r1
1 )

rn+1
σ ,(4)

The 7th International Workshop on Advanced Computational Intelligence and Intelligent Informatics (IWACIII2021)
2 Beijing, China, Oct.31-Nov.3, 2021



Output-Feedback Tracking Control of Stochastic High-Order Nonlinear Systems
Perturbed by Second-Order Moment Process

where l j, j = 1, · · · ,n − 1 are observer gains gen-
erated during the design process, ˆw1 = w1, ŵ =
(w1, ŵ2, · · · , ŵn)

T , andα1, · · · ,αn are positive constants.
DefineW = (w1, · · · ,wn,η2, · · · ,ηn)

T , then the closed-
loop system is showed:

Ẇ = D(w)

= (wp1
2 , · · · ,wpn−1

n ,vpn(ŵ), fn+1, · · · , f2n−1)
T , (5)

where

fi =−li−nŵpi−n
i−n+1, i = n+1, · · · ,2n−1.

For system (5), choose the appropriate Lyapunov func-
tion

V (W ) = V (w1, · · · ,wn,η2, · · · ,ηn)

= Vn(w1, · · · ,wn)+U(η2, · · · ,ηn), . . (6)

where

Vn(w1, · · · ,wn)

=
n

∑
i=1

∫ wi

w∗
i

(s
σ
ri −w

∗ σ
ri

i )
4lσ−m−ri

σ ds,

U(η2, · · · ,ηn)

=
n

∑
i=2

∫ w

4lσ−m−ri−1
ri

i

γ
4lσ−m−ri−1

ri−1
i

(s
ri−1

4lσ−m−ri−1 −ηi − li−1wi−1)ds,

w∗
i =−ζ

ri
σ

i−1α
ri
σ

i−1,

ζi = w
ri
σ
i −w

∗
ri
σ

i .

Then we get the following conclusion based on the sim-
ilar method in [16].

Lemma 3.1. For system (5), select a Lyapunov func-
tion V (W ) in (6), we have

1. V (W ) is positive definite and homogeneous of de-
gree 4lσ −m with the following dilation weight:

△= (r1, r2, · · · , rn
︸ ︷︷ ︸

f or w1, ··· , wn

,r1, r2, · · · , rn−1
︸ ︷︷ ︸

f or η2, ··· , ηn

).

2.
∂V
∂W

D(W)≤−c0||W ||4lσ
△ ,

where

||W ||△ = (
n

∑
i=1

|wi|
2/ri +

n

∑
j=2

|η j|
2/r j−1)

1
2 .

with c0 > 0 is a constant.

3.2. Homogeneous output-feedback controller de-
sign

In this subsection, our goal is to construct an output-
feedback controller for stochastic system (1) by using the
homogeneous domination technology.

Define

z1 = y,

zi = xi, i = 2, · · · ,n. . . . . . . . . . . . (7)

a new form of the system (1) is obtained

żi = zpi
i+1+ f̆i(z̄i,y0)+ ğT

i (z̄i,y0)ξ (t), i = 1, · · · ,n−1,

żn = upn + f̆n(z̄n,y0)+ ğT
n (z̄n,y0)ξ (t),

y = z1, . . . . . . . . . . . . . . . . (8)

where

f̆1(z̄1,y0) = f1(z1+ y0)− ẏ0,

ğ1(z̄1,y0) = g1(z1+ y0),

f̆i(z̄i,y0) = fi(z1+ y0,z2, · · · ,zn),

ği(z̄i,y0) = gi(z1+ y0,z2, · · · ,zn), i = 2, · · · ,n. (9)

According to (9) and Assumptions 3 and 4, there are two
constantsb1 > 0 andc1 > 0, the following relationship is
established

| f̆i(z̄i,y0)| ≤ b1

i

∑
s=1

|zs|
(ri+m)/rs + c1,

|ği(z̄i,y0)| ≤ b1

i

∑
s=1

|zs|
ri/rs + c1. . . . . . (10)

Let

w1 = y,

wi = xi/Lli , i = 2, · · · ,n,

vpn = upn/Lln+1, . . . . . . . . . . . (11)

wherel1 = 0, li =
li−1+1

pi−1
, andL > 1 is a constant to be

designed, a new form of the system (8) is

ẇi = Lwpi
i+1+

f̆i(z̄i,y0)

Lli
+

ğT
i (z̄i,y0)

Lli
ξ (t), i = 1, · · · ,n−1,

ẇn = Lvpn +
f̆n(z̄n,y0)

Lln
+

ğT
n (z̄n,y0)

Lln
ξ (t),

y = w1. . . . . . . . . . . . . . . . . (12)

Next, by the same way as (3) and (4), construct the fol-
lowing homogeneous observer:

η̇k = −Llk−1ŵ
pk−1
k ,

ŵk = (ηk + lk−1ŵk−1)
rk/rk−1,k = 2, · · · ,n, . (13)

the output-feedback controller:

v(ŵ) =−αn(ŵ
σ
rn
n +αn−1ŵ

σ
rn−1
n−1 + · · ·

+αn−1αn−2 · · ·α2ŵ
σ
r2
2 +αn−1αn−2 · · ·α1w

σ
r1
1 )

rn+1
σ .(14)

Substituting (13) and (14) into (12), the closed-loop sys-
tem is

Ẇ = LD(W )+F(W )+GT (W )ξ (t), . . . . (15)

where

F(W ) = ( f̆1,
f̆2

Ll2
, · · · ,

f̆n

Lln
,0, · · · ,0)T ,

G(W ) = (ğ1,
ğ2

Ll2
, · · · ,

ğn

Lln
,0, · · · ,0). . . . . (16)
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3.3. Stability analysis

The objective of this subsection is to analyze the stabil-
ity of the closed-loop system.

The following lemma deal with the gradient terms and
coupling terms based on homogeneous theory.

Lemma 3.2 Suppose that Assumptions 3 and 4 are sat-
isfied, there exist some positive constantsc0, d0, γ0, γ̃0,
β1, β̌21 andβ22 so that:

∂V
∂W

F(W) ≤ (c0L1−γ0 +n)||W ||4lσ
△ +β1,

∂V
∂W

G(W )ξ (t) ≤ (d0L1−γ̃0 +n)||W ||4lσ−m
△ |ξ (t)|

+β̌21+β22|ξ (t)|2. . . . (17)

Proof: Step 1. Deal with the gradient terms.
For (10), based on [17, Lemma 2.2] andL > 1, one

gives

| f̆i(z̄i,y0)|

Lli
≤ b1L1−γi

i

∑
s=1

|ws|
(ri+m)/rs + c1L−li

≤ b̄1L1−γi ||W ||ri+m
△ + c1L−li , . . (18)

whereγi andb̄1 are positive constants.
Through [17, Lemma 2.2] and Lemma 3.1,∂V

∂Wi
is ho-

mogeneous with degree 4lσ −m− ri. Based on (18), [17,
Lemma 2.1], and [28, Lemma 2.4], then

∂V
∂W

F(W) ≤
n

∑
i=1

∂V
∂Wi

f̆i(z̄i,y0)

Lli

≤
n

∑
i=1

∂V
∂Wi

(b̄1L1−γi ||W ||ri+m
△ + c1L−li)

≤
n

∑
i=1

c0||W ||4lσ−m−ri
△ L1−γi ||W ||ri+m

△

+c1

n

∑
i=1

L−li ∂V
∂Wi

≤ c0L1−γ0||W ||4lσ
△ + c1

n

∑
i=1

L−li ∂V
∂Wi

, (19)

whereγ0 = min1≤i≤n{γi}, c0 is a positive constant.
According to [28, Lemma 2.4] and [17, Lemma 2.2], it

implies that

c1

n

∑
i=1

L−li ∂V
∂Wi

≤ č1

n

∑
i=1

L−li ||W ||4lσ−m−ri
△

= č1

n

∑
i=1

(L−li/(m+ri))m+ri ||W ||4lσ−m−ri
△

≤ n||W ||4lσ
△ +

n

∑
i=1

βi1L−4lσ li/(m+ri), . . . . (20)

where

βi1 =
ri +m
4lσ

č
4lσ

ri+m

1

( 4lσ
4lσ −m− ri

)−(4lσ−m−ri)
ri+m

with č1 > 0 is a constant.
Substituting (20) into (19) yields

∂V
∂W

F(W ) ≤ (c0L1−γ0 +n)||W ||4lσ
△ +β1, . . (21)

where

β1 =
n

∑
i=1

βi1L−4lσ li/(m+ri). . . . . . . . . (22)

Step 2. Estimate the coupling terms.
By (10), it obtains

|ği(z̄i,y0)|

Lli
≤ b1L1−γ̃i

i

∑
s=1

|ws|
ri/rs + c1L−li

≤ b̃1L1−γ̃i ||W ||ri
△+ c1L−li , . . . (23)

whereb̃1, γ̃i are positive constants.
Similar to the proof method of (19), we get

∂V
∂W

G(W ) ≤
n

∑
i=1

∂V
∂Wi

ği(z̄i,y0)

Lli

≤
n

∑
i=1

∂V
∂Wi

(b̃1L1−γ̃i ||W ||ri
△+ c1L−li)

≤
n

∑
i=1

d0||W ||4lσ−m−ri
△ L1−γ̃i ||W ||ri

△

+c1

n

∑
i=1

L−li ∂V
∂Wi

≤ d0L1−γ̃0||W ||4lσ−m
△ + c1

n

∑
i=1

L−li ∂V
∂Wi

,(24)

whereγ̃0 = min1≤i≤n{γ̃i}, d0 ≤ 0 is a constant.
Similar to (20), we have

c1

n

∑
i=1

L−li ∂V
∂Wi

≤ n||W ||4lσ−m
△ +

n

∑
i=1

βi2L−li(4lσ−m)/ri , (25)

where

βi2 =
ri

4lσ −m
ĉ

4lσ−m
ri

1

( 4lσ −m
4lσ −m− ri

)−(4lσ−m−ri)
ri

with ĉ1 is a positive constant.
Substituting (25) into (24) yields

∂V
∂W

G(W)

≤ (d0L1−γ̃0 +n)||W ||4lσ−m
△ +

n

∑
i=1

βi2L
−li(4lσ−m)

ri . (26)

Therefore, according to (26) andab ≤ εa2+ 1
4ε b2, it has

∂V
∂W

G(W ) ·ξ (t) ≤
(

(d0L1−γ̃0 +n)||W ||4lσ−m
△

+
n

∑
i=1

βi2L−li(4lσ−m)/ri

)

|ξ (t)|

≤ (d0L1−γ̃0 +n)||W ||4lσ−m
△ |ξ (t)|

+β̌21+β22|ξ (t)|2, . . . (27)
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where

β̌21 =
1

4β22

( n

∑
i=1

βi2L−li(4lσ−m)/ri

)2

with β21 is arbitrary positive constant.
Remark 3. On the one hand, through the proof of Lem-

ma 3.2, it can be found that the system is different from
the deterministic system in [29]. On the other hand, com-
pared with [17], the stochastic system is considered sub-
jected to the second-order moment process. Stochastic
systems will generate some coupling terms because of the
effect of second-order moment process, it is impossible
to separate second-order moment process from nonlinear
function. In order to give stability analysis, the coupling
term satisfy (27).

Next, we are in a position to state the main result of this
paper.

Theorem 4.1 Consider the system (1) described above,
with coordinates (11), the observer (13), and the con-
troller (14). If Assumptions 1 to 4 hold, the following
conclusions hold:

1). system (15) has an unique solution on[t0,∞);
2). each state of system (15) remains bounded in prob-

ability;
3). the expectation of tracking error can be made arbi-

trarily small, i.e. for each givenε > 0 and initial value
x(t0), there exists a finite-timeT (x(t0),ε) such that

E|x1(t)− y0(t)|< ε,∀t > T.

Proof. The proof is based on Lemma 3.1 and 3.2. The
whole proof process is tedious, so it is omitted here.

4. A Simulation Example

In this section, a numerical example with the following
form is given:

ẋ1 = x7/3
2 + x1x2+(

1
4

sinx1)ξ (t),

ẋ2 = u3+ x1cosx2+
1
2

x4/3
2 ξ (t),

y = x1−sint, . . . . . . . . . . . . (28)

wherep1 =
7
3 andp2 = 3. Choosem= 4

3 andy0(t) = sint,
obviously, it’s easy to verify that the Assumptions 3 and 4
are satisfied.

According to the analysis of the previous sections,
choosel = 1 andσ = 1, one gets

η̇2 = −Ll1ŵ7/3
2 ,

ŵ2 = η2+ l1(x1−sint),

u = −10.8(ŵ2+2w1)
7/9. . . . . . . . (29)

Choose parametersl1 = 11, L = 3.5, and a set of initial
values(x1(0),x2(0),η2(0))T = (−3,1,−0.01)T . Through
the actual simulation, it’s obtained that the system re-
sponses of the tracking trajectory, output tracking error,
and controller are shown in Fig. 1-3. Fig. 2 shows that
the tracking error|y|<0.05,∀t > T =2s and Fig. 3 shows
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Figure 1. Response of tracking.
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Figure 2. Response of tracking error.

that the controller is bounded, which intuitively shows the
feasibility of the design scheme proposed in this paper.

Remark 3. Different from the white noise in [17], the
noise in system (28) is a second-order moment process,
which is a kind of color noise. Therefore, the results ob-
tained are more practical.

5. Conclusions

The output-feedback tracking control problem for s-
tochastic nonlinear systems with second-order moment
process is investigated in this paper. The output-feedback
tracking controller is constructed by the high-gain homo-
geneous domination design approach. The obtained con-
troller ensures that the expectation of tracking error can
be adjusted to be arbitrarily small, and all the states of the
closed-loop control system are bounded in probability.

There are many questions worth studying in the future.
For example, generalizing the results in this paper to more
general stochastic system [30]-[34].
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