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Abstract: The exponential autoregressive (ExpAR)
model is a powerful tool for time series analysis and
system modeling. In this paper, we focus on the
parameter identification methods for ExpAR model.
Taking advantages of the special separable structure,
the ExpAR model is decomposed into two connected
sub-models and a hybrid gradient descent algorithm
is proposed. The proposed algorithm exploits the un-
derlying idea of hierarchical identification principle to
estimate the linear and nonlinear parameters of the
model. To improve the identification efficiency, the
proposed algorithm utilizes the Aitken strategy to ac-
celerate the gradient descent method. Some simula-
tion results confirm the efficiency of the proposed al-
gorithm.
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1. Introduction

Nonlinear time series not only reveal the dynamics of
many nonlinear processes, but also predict the develop-
ment trend of these processes [1]. Therefore, nonlinear
time series analysis is widely used in industrial produc-
tion processes, hydrological systems and other fields [2].
The exponential autoregressive (ExpAR) model [3] is an
important class of nonlinear time series models. At early
stages, the ExpAR model was applied to the statistical
analysis of Canadian lynx data [4]. It shows the appro-
priateness in describing certain nonlinear behaviors, such
as amplitude-dependent frequency, jump phenomena and
limit cycle [5]. The estimation and application of Ex-
pAR models have been the focus of attention for sev-
eral decades [6]. Recently, Amiri [7] studied the capa-
bility of the ExpAR model to capture the dynamics of
the Colorado River discharge time series, and used least
squares and maximum likelihood methods to estimate the
unknown parameters of the ExpAR model.

Parameter estimation is the process of calculating sys-
tem model parameters with the input and output data of
the system when the system model structure is known [8].

In the identification of linear parametric systems, the gra-
dient descent (GD) algorithm is popular because of its
relatively small computational effort. However, the GD
method converges relatively slowly when approaching the
minimum, and it may lead to a ”zigzag” approach to the
minimum. To solve this problem, some modified gradient
descent algorithms are developed in recent years. For ex-
ample, chen et al. proposed an accelerated GD algorithm
based on the Aitken method (AA-GD), which improves
the accuracy of parameter estimation in the case of poor
step-size [9]. For the identification of nonlinear paramet-
ric systems, the gradient descent method is usually used.
Recently, Xu et al. decomposed the ExpAR model into
two subidentification (Sub-ID) models and derived a hier-
archical algorithm base on gradient descent method [10].

Improving the computational efficiency and accuracy
of parameter estimation is also the focus of parameter
identification. Many scholars have developed some new
identification techniques in recent years, such as the hier-
archical identification. The key idea of hierarchical identi-
fication principle is to decompose the identification model
into several subidentification models so that the scale of
the problem to be optimized becomes smaller [12]. Liang
et al. apply the hierarchical identification principle to de-
compose the output error autoregressive (OEAR) system
into two subsystems and proposed a gradient-based itera-
tive algorithm (HGI) [13].

This paper investigates the parameter estimation algo-
rithm of ExpAR model. The ExpAR model is decom-
posed into two Sub-ID models that contain linear and non-
linear parameters respectively through hierarchical iden-
tification principle. We apply the AA-GD algorithm and
GD algorithm to solve the parameter estimation problem
of the linear and nonlinear subsystem. Then, we proposed
a new recursive identification algorithm with higher pa-
rameter estimation accuracy.

2. Problem description

Given a time series {y(1) ,y(2) ,y(3) , ...}, the classical
ExpAR model proposed by Ozaki and Haggan [16] can
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be expressed as

y(t) =
[
α1 +β1e−γy2(t−1)

]
y(t−1)

+
[
α2 + β2e−γy2(t−1)

]
y(t−2)+ · · ·

+
[
αn +βne−γy2(t−1)

]
y(t−n)+ v(t) , (1)

where αi, βi and γ are the unknown parameters to be es-
timated, and v(t) is the white noise with zero mean and
variance σ2.

When the nonlinear parameters γ gradually increases,
the ExpAR model (1) is approximately a linear model that
is mainly determined by the linear parameters αi, i =
1,2, ....,n . Define the parameter vectors ααα , βββ

ααα := [α1,α2, ... ,αn]
T ∈ Rn,

βββ := [β1,β2, ... ,βn]
T ∈ Rn,

and the information vector ϕϕϕ (t)

ϕϕϕ (t) := [y(t−1) ,y(t−2) , ...,y(t−n)]T ∈ Rn.

The Equation (1) can be equivalently transformed into the
identification model

y(t) = ϕϕϕ
T (t)ααα + e−γy2(t−1)

ϕϕϕ
T (t)βββ + v(t) . (2)

In addition, define the parameter vector θθθ and the infor-
mation vector φφφ (γ, t) as

θθθ :=
[
ααα

T,βββ T
]T
∈ R2n,

φφφ (γ, t) :=
[
ϕϕϕ

T (t) ,e−γy2(t−1)
ϕϕϕ

T (t)
]T
∈ R2n.

Then, Equation (2) can be generally formulated in a re-
gression form:

y(t) = φφφ
T (γ, t)θθθ + v(t) . (3)

Obviously, because the information vector φφφ (γ, t) con-
tains the nonlinear parameter γ , the identification problem
has become a complex nonlinear optimization problem. It
is quite challenge for solving such problem, which moti-
vates us to develop an efficient recursive method.

3. The hybrid gradient algorithm based on
aitken acceleration strategy

In view of the special structure of the ExpAR model,
we can decompose the model into two subsystems
through the hierarchical identification principle. One of
which contains the parameter vector θθθ , and the other con-
tains nonlinear parameter γ . Therefore, we first derive the
parameter estimation subalgorithms for θθθ and γ , respec-
tively. Details are as follows:

For the Equation (1), collect L input and output data
and define

V(L) = [v(1) ,v(2) , ... ,v(L)]T ∈ RL,

Y(L) = [y(1) ,y(2) , ... ,y(L)]T ∈ RL,

ΦΦΦ(L) = [φφφ (γ,1) ,φφφ (γ,2) , ... ,φφφ (γ,L)] ∈ R2n×L.

We can rewrite the Equation (3) in a matrix form
Y(L) = ΦΦΦ

T (L)θθθ +V(L) .

Then we can derive the following gradient descent (GD)
algorithm

θ̄θθ k = θ̄θθ k−1 +ΦΦΦ(L)
[
Y(L)−ΦΦΦ

T (L) θ̄θθ k−1
]

ν , (4)

where ν is the step-size. If the step-size is not optimal,
then the GD algorithm converges slowly especially when
it approaches the minimum value. In order to solve this
problem, we use the Aitken method to accelerate the GD
algorithm.

For the GD algorithm in (4), let θθθ ∗ be the true parame-
ters and assume that the parameter estimates θ̄θθ k converge
to the true values θθθ ∗ and satisfy

lim
k→∞

[
θ̄θθ k−θθθ ∗

]
≈ c
[
θ̄θθ k−1−θθθ ∗

]
,

where c is a constant. Based on Aitken method [17], we
have[

θ̄θθ k + θ̄θθ k−2−2θ̄θθ k−1
]T

θθθ ∗ ≈ θ̄θθ
T
k θ̄θθ k−2− θ̄θθ

T
k−1θ̄θθ k−1. (5)

Since θθθ is a vector in the considered model, the optimal
parameter vector estimation θθθ ∗ cannot be calculated by
the above equation. Therefore, we assume that each ele-
ment in these parameter vectors satisfies the above equa-
tion. Define

θθθ ∗ =
[
θ

1
∗ ,θ

2
∗ , · · ·,θ 2n

∗
]T

,

θ̄θθ k =
[
θ̄

1
k , θ̄

2
k , · · ·, θ̄ 2n

k
]T

.

Then Equation (5) is equivalent to 2n equations

θ
j
∗ ≈ θ̄

j
k−2−

(
θ̄

j
k−1− θ̄

j
k−2

)2

θ̄
j

k + θ̄
j

k−2−2θ̄
j

k−1

, j = 1, · · ·,2n. (6)

It follows that the iterative function can be written as:

θ̂
j

k = θ̄
j

k−2−

(
θ̄

j
k−1− θ̄

j
k−2

)2

θ̄
j

k + θ̄
j

k−2−2θ̄
j

k−1

. (7)

In summary, we can get the AA-GD algorithm as follows:
θ̄θθ k = θ̄θθ k−1 +ΦΦΦ(L)

[
Y(L)−ΦΦΦ

T (L) θ̄θθ k−1
]

ν , (8)

θ̄θθ k =
[
ᾱ

1
k , ... , ᾱ

n
k , β̄

1
k , ... , β̄

n
k
]T

, (9)

θ̂θθ k =
[
α̂

1
k , ... , α̂

n
k , β̂

1
k , ... , β̂

n
k

]T
, (10)

α̂
j

k = ᾱ
j

k−2−

(
ᾱ

j
k−1− ᾱ

j
k−2

)2

ᾱ
j

k + ᾱ
j

k−2−2ᾱ
j

k−1

, j = 1, · · ·,2n, (11)

β̂
j

k = β̄
j

k−2−

(
β̄

j
k−1− β̄

j
k−2

)2

β̄
j

k + β̄
j

k−2−2β̄
j

k−1

, j = 1, · · ·,2n. (12)

Equation (8)-(12) is the AA-GD subalgorithm for com-
puting θ̄θθ k and the step-size ν is suggested to be chosen
equal to 2

λmax[ΦΦΦ(L)ΦΦΦT(L)]
, as discussed in [18]. Next, we

present how to estimate γ̂k.
Define the information item ψψψ (βββ , t) and the intermedi-
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ate variable y1 (t) as

ψψψ (βββ , t) := ϕϕϕ
T (t)βββ ∈ R, (13)

y1 (t) := y(t)−ϕϕϕ
T (t)ααα ∈ R. (14)

We can decompose the ExpAR model into two Sub-ID
models:

S1 : y(t) = φφφ
T (γ, t)θθθ + v(t) , (15)

S2 : y1 (t) = ψψψ (βββ , t)e−γy2(t−1)+ v(t) . (16)

The Sub-ID model (15) contains the linear parameter
vector θθθ and the Sub-ID model (16) contains the nonlin-
ear parameter γ . The parameter γ in the information vec-
tor φφφ (γ, t) and the parameter vector βββ in ψψψ (βββ , t) are the
associated terms between the two Sub-ID models.

For the Sub-ID model S2, we can derive the following
GD subalgorithm for calculating γ̂k:

γ̂k = γ̂k−1 +µkθθθ
T
φφφ
′′′ (γ̂k−1,k)

[
y(k)−φφφ

T (γ̂k−1,k)θθθ
]
,

(17)

where µk represent the step-size. For the sake of conve-
nience, we define

ek := y(k)−φφφ
T (γ̂k−1,k)θθθ ∈ R. (18)

By the one-dimensional search method [19], we can ob-
tain the step-size µk as

µk =
1

1+‖θθθ T
φφφ
′ (γ̂k−1,k)‖2

. (19)

Substituting (19) into (17) yields

γ̂k = γ̂k−1 +
θθθ

T
φφφ
′ (γ̂k−1,k)

1+‖θθθ T
φφφ
′ (γ̂k−1,k)‖2

[y(k)

− φφφ
T (γ̂k−1,k)θθθ

]
. (20)

We notice that the gain θθθ
T

φφφ
′′′(γ̂k−1,k)

1+‖θθθ T
φφφ
′′′(γ̂k−1,k)‖2

in Equation (20)
does not tend to zero with increasing t, which will make
the parameter estimation sensitive to noise and may de-
viate from the true value. In order to adjust the gain, we
take the step-size

µk :=
1
rk
, (21)

rk := rk−1 +‖θθθ T
φφφ
′′′ (γ̂k−1,k)‖2, r (0) = 1. (22)

Substituting (18), (21), (22) into (17), we obtain the sub-
algorithm for calculating γ̂k

γ̂k = γ̂k−1 +
1
rk

θθθ
T
φφφ
′′′ (γ̂k−1,k)ek. (23)

Although we derive the AA-GD algorithm and the GD
algorithm to estimate the parameters θθθ and γ respectively,
the two subalgorithms cannot be implemented due to the
unknown parameters γ and θθθ contained on the right side
of (8) and (23). To solve this problem, we replace the
unknown parameters with the estimated values γ̂k−1 and
θ̂θθ k−1 at the previous moment, and derive the hierarchical

identification algorithm

γ̂k = γ̂k−1 +
1
rk

θ̂θθ
T
k−1φφφ

′′′ (γ̂k−1,k)ek, (24)

ek = y(k)−φφφ
T (γ̂k−1,k) θ̂θθ k−1, (25)

rk = rk−1 +‖θ̂θθ
T
k−1φφφ

′′′ (γ̂k−1,k)‖2, r (0) = 1, (26)

φφφ (γ̂k−1,k) =
[
ϕϕϕ

T (k) ,e−γ̂k−1y2(k−1)
ϕϕϕ

T (k)
]T
∈ R2n,

(27)

θ̂θθ k =
[
α̂

1
k , ... , α̂

n
k , β̂

1
k , ... , β̂

n
k

]T
, (28)

θ̄θθ k =
[
ᾱ

1
k , ... , ᾱ

n
k , β̄

1
k , ... , β̄

n
k
]T

, (29)

α̂
j

k = ᾱ
j

k−2−

(
ᾱ

j
k−1− ᾱ

j
k−2

)2

ᾱ
j

k + ᾱ
j

k−2−2ᾱ
j

k−1

, j = 1, · · ·,2n, (30)

β̂
j

k = β̄
j

k−2−

(
β̄

j
k−1− β̄

j
k−2

)2

β̄
j

k + β̄
j

k−2−2β̄
j

k−1

, j = 1, · · ·,2n, (31)

Y(L) = [y(1) ,y(2) , ... ,y(L)]T , (32)

ΦΦΦ(L) = [φφφ (γ̂k−1,1) , ... ,φφφ (γ̂k−1,L)]
T , (33)

θ̄θθ (t) = θ̄θθ k−1 +ΦΦΦ(L)
[
Y(L)−ΦΦΦ

T (L) θ̄θθ k−1
]

ν , (34)

ν =
2

λmax
[
ΦΦΦ(L)ΦΦΦ

T (L)
] . (35)

Equations (24)-(35) form the hierarchical Aitken-based
hybrid gradient descent (AHGD) algorithm for the Ex-
pAR model. Similarly, the hierarchical hybrid gradient
descent (HGD) algorithm can be obtained by (4) and (24)-
(26).

The steps for estimating the parameters θθθ and γ of the
ExpAR model using the hierarchical AHGD algorithm are
as follows.

1. Let θ̂θθ 0 = 12n/p0 , γ̂0 = 1, p0 = 106.

2. Let k = 1, y( j) = 0 and u( j) = 0, j ≤ 0, and give an
error tolerance ε > 0.

3. Form the information vectors φφφ (γ̂k−1,k) through
(27).

4. Calculate the et by (25) and obtain the reciprocal of
the step-size rt by (26).

5. Update the parameter estimate γ̂t by (24).

6. Form Y(L) and ΦΦΦ(L) by (32) and (33), respectively.

7. Calculate the step-size ν by (35).

8. Update the parameter estimation vector θ̄θθ k by (34).

9. Compute each parameter estimate α̂
j

k and β̂
j

k , j =
1, ... ,n by (30) and (31), respectively.

10. Form θ̂θθ k by (28).

11. Compare
{

θ̂θθ k, γ̂k

}
and

{
θ̂θθ k−1, γ̂k−1

}
: if ‖θ̂θθ k −

θ̂θθ k−1‖+ ‖γ̂k− γ̂k−1‖ ≤ ε , then terminate this proce-
dure; otherwise, increase k by 1 and go to step 3.
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Fig. 1. The hierarchical HGD, AHGD estimation errors δ versus k (for the
Model 1).

4. Examples

Consider the following two ExpAR time series
Model 1:

y(t) =
[
1.00+0.59e−3.41y2(t−1)

]
y(t−1)

+
[
−0.28+0.40e−3.41y2(t−1)

]
y(t−2)+ v(t) .

The parameters to be identified are

θθθ = [α1,α2,β1,β2]
T

= [1.00,−0.28,0.59,0.40]T , γ = 3.41,

Model 2:

y(t) =
[
1.04−1.50e−2.09y2(t−1)

]
y(t−1)

+
[
−0.52+2.24e−2.09y2(t−1)

]
y(t−2)+ v(t) .

The parameters to be identified are

θθθ = [α1,α2,β1,β2]
T

= [1.04,−0.52,−1.50,2.24]T , γ = 2.09.

v(t) in the above two models is the white noise sequence
with mean value of zero and variance σ2 = 0.32.

In simulation, let L = 500. Then, the hierarchical HGD
algorithm, the hierarchical AHGD algorithm are used to
estimate the parameters of the Model 1 and Model 2.
The parameter estimation and their errors are shown in
Table 1 and Table 2. The parameter estimation error
δ = ‖ϑ̂ϑϑ −ϑϑϑ‖/‖ϑϑϑ‖× 100% (for the hierarchical AHGD
algorithm) or δ = ‖ϑ̄ϑϑ −ϑϑϑ‖/‖ϑϑϑ‖×100% (for the hierar-
chical HGD algorithm) versus k is shown in Figure 1 and

Figure 2, where ϑϑϑ =
[
θθθ

T,γ
]T

. The parameter estimates
of the hierarchical AHGD algorithm versus k are shown
in Figure 3.

From Tables 1 and Tables 2 and Figures 1 to 3, we can
draw the following conclusions.

• For all the algorithms proposed in this paper, the
parameter estimation errors become smaller as the
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Fig. 2. The hierarchical HGD, AHGD estimation errors δ versus k (for the
Model 2).
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Fig. 3. The hierarchical Aitken-based hybrid gradient descent parameter
estimates versus k for the Model 2. Line: the parameter estimates, dots line: the
true values.

number of iterations k increases (see Table 1 and Ta-
ble 2).

• The hierarchical AHGD algorithm has higher pa-
rameter estimation accuracy than the HGD algorithm
(see Figure 1 and Figure 2).

• The proposed hierarchical AHGD algorithm is effec-
tive to identify the ExpAR model (see Figure 3).

5. Conclusions

In this paper, we apply the hierarchical identification
principle to decompose ExpAR model into two subsys-
tems, and use the Aitken acceleartion method and gradi-
ent descent algorithm to propose a hierarchical AHGD al-
gorithm for the ExpAR model. The methods proposed in
this paper can be combined with methods such as neural
networks [21] and kernel configurations [22] for the study
of parameter identification for different systems and can
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Table 1. The hierarchical HGD, AHGD parameter estimates and errors (for the Model 1).

Algorithms k α1 α2 β1 β2 γ δδδ (%)

HGD

100 0.61875 0.28265 0.24211 0.11912 1.28829 64.99
200 0.73465 0.13664 0.34245 0.18589 1.64777 54.32
500 0.93601 -0.10559 0.53542 0.20265 2.38945 34.04
1000 0.99561 -0.20765 0.60771 0.24915 2.83092 24.78
2000 0.97426 -0.21943 0.65732 0.24933 3.05798 21.42
3000 0.95324 -0.22467 0.66530 0.25011 3.14882 20.50

AHGD

100 0.61659 0.27356 0.23759 0.14148 1.28829 62.29
200 0.74400 0.10215 0.35527 0.17499 1.64777 51.04
500 0.94591 -0.18598 0.58497 0.26243 2.38945 28.49
1000 0.99556 -0.26020 0.65402 0.28366 2.83092 16.35
2000 0.99419 -0.26281 0.67035 0.27159 3.05798 10.58
3000 0.99072 -0.26344 0.68290 0.27319 3.14882 8.57

True values - 1.00000 -0.28000 0.59000 0.40000 3.41000 -

Table 2. The hierarchical HGD, AHGD parameter estimates and errors (for the Model 2).

Algorithms k α1 α2 β1 β2 γ δδδ (%)

HGD

100 0.25931 0.37972 0.05214 0.60001 1.32590 75.65
200 0.38389 0.25664 -0.08245 0.63921 1.53278 65.81
500 0.61003 0.00559 -0.40542 1.20246 1.80487 43.21
1000 0.75318 -0.28765 -0.82771 1.6251 1.93715 24.71
2000 0.80721 -0.34943 -0.92393 1.74991 1.99526 18.37
3000 0.85398 -0.35097 -1.10530 1.84011 2.04776 17.90

AHGD

100 0.26786 0.36891 0.04841 0.59921 1.32590 73.75
200 0.37152 0.23012 -0.11875 0.81921 1.53278 63.57
500 0.62548 -0.06886 -0.60900 1.35602 1.80487 39.56
1000 0.85647 -0.31550 -1.12043 1.85218 1.93715 17.41
2000 0.99114 -0.45355 -1.42817 2.13855 1.99526 4.91
3000 1.00864 -0.48422 -1.46766 2.18032 2.04776 2.70

True values - 1.04000 -0.52000 -1.50000 2.24000 2.09000 -

be applied to many other areas [23].
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